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minimizes or maximizes a quadratic fractional objective fu
of linear inequality 
solve quadratic fractional programming problem (QFPP),
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1. Introduction  
     The problems of QFPP  are 
programming, nonlinear programming is a mathematical technique for determining the optimal solution to 
many business problems, The non
maximization of a fraction of  two 
various decision making problems; for example linear fractional programming is used in fields of
flows, transportation problems  ; the QFPP is used on field production planning and inventories[2] . 

are different  applications of nonlinear programming, one 
of given two functions is to be minimized 
     There are different solution method
programming problems. One by Charnes and Cooper (1962), 
(1964) and Wolf (1985) solved linear fractional programming
LFP by solving a sequence of linear programs only re
Dinkelbach, 1967, used his algorithm for convex nonlinear 
methods to solve such problems are proposed in (1962), their method depends on transforming this LFPP to 
an equivalent Linear Program[4] , Rajendra (1993) 
et al.(1991) went to investigates configuration management and optimal logical network design for 
reconfigurable networks. They defined underlying constrained  non
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Abstract 

Quadratic fractional program is an optimization problem which
minimizes or maximizes a quadratic fractional objective function subject to finite number 
of linear inequality (equality constraints) . In our paper, we proposed a new method to 
solve quadratic fractional programming problem (QFPP),the objective function of 
quadratic optimization has linear factorized as product of two 
positive linear functions solved  separately by using simplex method.
solving the problem in multi-application, like economics
engineering problem, financial planning etc.      

paper, it was addressed to a variety of examples and the results were encouraging 
and accurate comparison with other methods with ease in the solution.

are very importance subjects in nonlinear programming 
programming, nonlinear programming is a mathematical technique for determining the optimal solution to 
many business problems, The non-linear fractional programming problem, i.e. the (minimization) 
maximization of a fraction of  two separated functions subject to given constricted 

; for example linear fractional programming is used in fields of
; the QFPP is used on field production planning and inventories[2] . 

applications of nonlinear programming, one of them  encounters the problem in which the ratio 
minimized or maximized [1].  
method for determining the best solution of particular 

Charnes and Cooper (1962), other by Isbell and Marlow (1962)
linear fractional programming problem.[2]. Bitran and Novaes [9

LFP by solving a sequence of linear programs only re-computing the local gradient of the objective function. 
Dinkelbach, 1967, used his algorithm for convex nonlinear fractional programming problems
methods to solve such problems are proposed in (1962), their method depends on transforming this LFPP to 

Rajendra (1993) solved the Integer linear fractional programming. Go
investigates configuration management and optimal logical network design for 

reconfigurable networks. They defined underlying constrained  non-linear integer fractional problems and 
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which solving the problem by 
nction subject to finite number 

, we proposed a new method to 
the objective function of 

rized as product of two  linear functions, the two 
solved  separately by using simplex method. These are useful in 

conomics, hospital and health, 

variety of examples and the results were encouraging 
and accurate comparison with other methods with ease in the solution. 

 

in nonlinear programming ,Like linear 
programming, nonlinear programming is a mathematical technique for determining the optimal solution to 

ctional programming problem, i.e. the (minimization) 
constricted conditions, applied in 

; for example linear fractional programming is used in fields of network 
; the QFPP is used on field production planning and inventories[2] . There 

encounters the problem in which the ratio 

solution of particular problems of fractional 
Isbell and Marlow (1962) ,Martos 

and Novaes [9] solve the 
computing the local gradient of the objective function. 

fractional programming problems.[3] i.e  Several 
methods to solve such problems are proposed in (1962), their method depends on transforming this LFPP to 

Integer linear fractional programming. Gopal 
investigates configuration management and optimal logical network design for 

linear integer fractional problems and 
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developed a heuristic technique to solve it. . Archana  Khurana and Arora (2011) solving the problem of QFP 
under some of its constraints are homogeneous . M. Biggs at (2005) solving  nonlinear Optimization [5].  
     The special case problem will be solved by simplex method after convert the objective function to double  
linear fractional programs and after word converting each linear fractional to linear programming 
 

Theorem: Assume that a LP in standard form is feasible and the optimal objective value is finite. There 
exists an optimal solution which is an extreme point[6]. 
 

• Simplex Method 
     Which is very efficient in practice but specialized for LP: move from one vertex to another without 
enumerating all the vertices 
• Interior-point Method [7]. 
• Ellipsoid Method  
     This long standing issue was resolved by Leonid Khachiyan in 1979 with the introduction of the 

ellipsoid method, the first worst-case polynomial-time algorithm for linear programming. 
• Cutting-plane Method[8]. 

 

Section below illustrated  the relationship between LP and QFP 
The mathematical form of an LP is as follows:  
           Maximize(minimize)  Z=c �                                                        (1) 
            Subject to  A � =b                                                                       (2) 
                               � ≥ 0                                                                        (3) 
                               b≥ 0                                                                         (4) 
where A= (a1,a2,……,am,am+1,……,an) is m×n matrix, b∈Rm,   �,c, ∈Rn ,   � is a (n×1)column vector, and c is 
a (1×n) row vector,  
 

3. Mathematical form of QFPP 
     The mathematical form of  QFPP is given as follows:  

Max z = 
(��	
�
�
	��	)

(�����)                                                                            (5) 

            Subject to  
 

    �� �≤≥=� �,                                                                                            (6) 

 

      �  ≥ 0                                                                                               (7) 
 

Where G is (n  × m) matrix of coefficients with G is symmetric matrix. All vectors are assumed to be 
column vectors unless transposed (T), Where  � is an n-dimensional column vector of decision 
variables, C is the n-dimensional row vector of constants, b is n-dimensional column vectors  vector 
of constants. � , �  are scalars. 
In our paper the problem that has objective function is solved by using the following form:   
 

Max z=
(���	
�)  (�
�	
�)

( �	
!)                                                                          (8) 

            Subject to  

      �� �≤≥=� �,                                                                                        (9)    

 
        �  ≥ 0                                                                                            (10) 
                 
A  is  m x n  matrix , all vectors are assumed to be column vectors unless transposed (T). Where � is an n-

dimensional column vector of decision variables, "#, "$, d are the n-dimensional row vector of constants, b 
is n-dimensional column  vector of constants,   & , '  ,, �  are scalars. Now we divide the QFP into two parts 
one of them is LFP of the form 
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Max z1=
(���	
�)  
( �	
!)                                                                                       (11) 

 
            Subject to:  
 
          ≥ 
A �     ≤    b                                                                                             (12) 
          =    
        
    �  ≥ 0                                                                                                   (13) 
 
 and the other is LP of the form 
 
Max z2=  (()*+ + -)                                                                              (14) 
            Subject to  
 
 

        

bAx

















=
≤
≥

=

                                                                 (15) 

 

          �  ≥ 0                                                                                             (16) 
 
Now about equation (11) 
It is assumed that the feasible region S = /xϵR3 : Ax ≤ b, x ≥ 07  is nonempty and bounded and the denominator dEx + γ ≠ 0 
 
Case 1: if d=0 and γ = 1 then the LFP in (11) to (13) becomes an LP problem. Then (11) can be written as: 

     Maximize     Z1=("#I� + &)                                                                 (17) 

     Subject to    A �     ≤    b ;   �  ≥ 0                                                             (18) 
 
Case 2: if  d=0 and γ ≠ 1 in (11) , then z1 becomes a linear function 

z1 = 
��!  � +  

�
! = 

KL
!     , where z' = ("#I� + &) is a linear function. 

In this case Z1 may be substituted with 
KL
!   corresponding to the same set of feasible region S. As a result the 

LFP becomes an LP 

Case 3 : if c1=0 in (11) then   z1=
M 

( �	
!)  = 
�
K"  ,  where  z" = (dI� + γ) is a linear function., and z" = 

�
P�   

In this case Z1 becomes linear on the same set  of feasible solution  S. therefore the LFP becomes an LP with 
the same feasible region S. 
Case 4:  if  C1= (c1,c2,c3,……..,cn) , d= (d1,d2,d3,……..,dn) are linear dependent , there exists Q ≠ 0 such that 
c1= Q d then  

z1=
((R   )�	
�)  

�	
!)  = 
((R  )�	
R!SR!
�)  

( �	
!)  =
((R   )�	
R!  

( �	
!)  + 
SR!
�)  
( �	
!) 

z1=
R( �	
!)  

( �	
!)  + 
�SR! 

( �	
!)     then  z1=Q + 
�SR! 

( �	
!) 
 

 
i) If  & − Qγ = 0 then  z1 = Q UV W "XYVZWYZ. 
ii)   If  & − Qγ ≠ 0 then Z1 becomes a linear functions. Therefore the LFP becomes LP  with the 

same feasible region S. 
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If c1≠ 0,d≠ 0 then one has to find a new way to convert the LFP into an LP . Assuming  that the feasible 
region                                   S={ � ∈Rn∶ �� ≤ �, � ≥ 07 
 Is nonempty and bounded and the denominator  cI� + γ > 0 , we develop a method which converts an LFP 
of this type to a LP 
 

4. Proposed Method for Solving QFPP 
In this section , we will use the developed  a sophisticated method for solving LFP problems to 
solve the  QFPP. 
For this , we assume that the feasible region  

                                     S={ � ∈Rn∶ �� ≤ �, � ≥ 07 

Is nonempty and bounded and the denominator  cI� + γ > 0 .  
In this case we will divide the quadratic fractional programming problem(QFPP) in to: 

1) a linear programming (LP) factor  
Max z2=  ("$I� + β)                                                               
            Subject to  

0x        

bAx

≥

















=
≤
≥

=

 

then solve the above LP in a suitable method for �  and let the optimal solution be q1 
2)  linear fractional programming (LFP) factor and then we convert the (LFP)   

 

 Max z1=
("1�	
&)  

(d�	
γ)                                                                        

            Subject to  

                        0x        

bAx

≥

















=
≤
≥

=

                                      

to (LP)  for y. 
We will derive the converting  

i) Transformation of the objective function Max z1=
("1�	
&)  

(d�	
γ)   

Multiplying both the denominator and the numerator by γ we have  
 

z1=
"1�	γ
αγ  
γ(d�	
γ)  = 

"1�	γSd�	α
d�	α
αγ  
γ(d�	
γ)  =

("1�γSd�α)	
(d�	
γ)α  
γ(d�	
γ)  

=
("1�γSd�α)	 

γ(d�	
γ)  +
(d�	
γ)α  
γ(d�	
γ) =("1I − dI α

γ) 
	 

(d�	
γ) + 
α  
γ  = py+g 

 

Where p=("1I − dI α
γ)   ,  y=

	 
(d�	
γ)  and g= 

α  
γ  

Then F(y) = py + g 

ii)  Transformation of the constraint A �     ≤    b 
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γab�−�c
γ(dd�+γ) ≤ 0      where γ(dI� + γ) > 0, Uf  γ(dI� + γ) < 0  
the conditioin !(hiSj)

!( ki
!) ≤ 0 will not hold.    
As a result solution to the LFP cannot be found 
(b�γ−�γ)
γ(dd�+γ) ≤ 0             

(b�γ−bdd�+bdd�−�γ)
γ(dd�+γ) ≤ 0 

γ(b+bγdd)� 
γ(dd�+γ) − 

b(dd�+γ)
γ(dd�+γ) ≤ 0 

(� + bγ dd) � 
(dd�+γ) − 

�γ ≤ 0 

(� + bγ dd) � 
(dd� + γ) ≤ �γ 

Gy ≤ h  where  G=(� + bγ dd)  ,    h=
�γ and q = 	

�r	
s 
 

iii)  Calculation of the unknown  �  from 
 

y = 	 
(d�	
γ)          � =  y (dI� + γ)           � =  y dI� + qγ)    

� − y dI� = qγ               �(1 − y dI) = qγ) � = 
qγ

(1− t dd)    which is the optimal solution and let it be q2  

3) Then Max z = max (z (q1) ,z (q2)) 
 

Numerical examples: 
Test 1: 
 

Max z = (8�#2 +24�# �$+18�$2-2)/( 6�# +9�$+3) 
           Subject 
                 �# +3�$  ≤5 
                2�# +�$ ≤2 
                   �#  , �$ ≥ 0 

 
Solution: 

Max z= 
(u	�
v	
S$)($	�
w	

#)

v	�
x	

w  =
(u	�
v	
S$)
v	�
x	

w × (2�# + 3�$ + 1) =|#. |$ 

 
Subject to   
                 �#+3�$  ≤5 
                 2�# +�$ ≤2  
                   �#  , �$ ≥ 0 

 

Where   z1=
(u	�
v	
S$)
v	�
x	

w   ,    z2=  (2�# + 3�$ + 1)  

 

Now we solve  the LFP   

Max z1= z1=
(u	�
v	
S$)
v	�
x	

w  

Subject to   
                �# +3�$  ≤5 
                 2�# +�$ ≤2  
                   �#  , �$ ≥ 0 
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By  convert it  to LP  

3-2, , 
9

6
d ,  

x

x
  x,

6

4
c have We

2

1
1 =γ=α








=








=








=  

( ) ( ) ( )
3
2

g and 128 
3
5

 96 -641

−===






=






 −=
γ
α

γ
αTT dCp  

( ) ( ) ( )
3
5b

h and 1811 96
3
5

 31d
b

AG 1
1

T1
11 =

γ
==







+=








γ
+=  

( ) ( ) ( )
3
2b

h and 76 96
3
5

 12d
b

AG 2
2

T2
21 =

γ
==







+=








γ
+=  

 
Then  
Max F(y)=8q#+12q$ - 

 $
w 

Subject to  

               11q#+18q$ ≤   
}
w 

                6q#+7q$    ≤   
$
w 

                  q#, q$ ≥   0 
 
Now we will solve the above LP by simplex method. 
Converting the LP in standard form we have ,  
 

Max  F(y)=8q#+12q$ - 
 $
w 

Subject to  

               11q#+18q$ +V# =  
}
w 

                6q#+7q$    +V$~   
$
w 

                  q#, q$ , V#, V$   ≥   0           
 Where   q# and  q$ are decision variables , and V# WY� V$  are slack variables 
Now we get the following simplex table 
Table 1: 

 8 12 0 0  
 
 

h 

 
 
 
Ratio 

y1 y2 s1 s2 

0 s1 11 18 1 0 �� 
�

)� 
 

0 s2 6 7 0 1 )� 
))� 

 
CJ-ZJ 

 
 

 8 12 0 0   
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Table 2: 

 8 12 0 0  
 
 

h 

 
 
 
Ratio 

y1 y2 s1 s2 

12 y2 ���� 1 ��� 
0 ��� 

�
�� 
 

0 s2 ���� 0 −��� 1 ��� 
��� 

CJ-ZJ 

 
 

 )
� 0 −)�  0   

Optimal table : 

 8 12 0 0  
 
 

h 

y1 y2 s1 s2 

12 y2 � 1 ���)� 
���  

�)�� 

8 y1 � 0 ��� 

CJ-ZJ 

 
 

 � 0 − -  

 
 
Then the table of results as below: 
 

y1=
�

�� y2=
�)
�� 

  � =  qγ(1 −  y cd) (�#, �$) = 
(q1,q2)γ(1−cd(q1,q2) ) 

















=

















−

















=








5
8
5

1

33
12
93

1

9)  6(1(

x

33
12
93
1

x

x

3

2

1
 

Then  
x1= .2   
x2= 1.6 
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  After solving the  LP  
         Max  |$=  (2�# + 3�$ + 1) 
               Subject to   
                                 �# +3�$  ≤5 
                                2�# +�$ ≤2  
                                 �#  , �$ ≥ 0 
We will find  �#=.2  and �$=1.6 
In this case the optimal solution of |# and |$ are same point i.e �#=�$ 
Then  max z=3.2 

 
Test 2: 
Max z = (4�1

2 +12�1 �2+8�2
2+4x1+4x2)/( 4�1 +8�2+4) 

Subject to   

            

0x,x          

824x        

32x-         

21

21

21

≥
≤+
≤+

x

x

 

Solution:  
 

2121
21

21

21

2121 zz2)4x(2x
4)8x(4x

)2x(2x

4)8x(4x

2)4x)(2x2x(2x
z =++×

++
+

=
++

+++
=Max  

            

0x,x          

8x24x        

3x2x-         

Subject

21

21

21

≥
≤+
≤+

 

            

)2x4x2(z    ,
)4x8x4(

)x2x2(
z    Where 212

21

21
1 ++=

++
+=  

Now we solve  the LFP   

            

)484(

)22(
zax 

21

21
1 ++

+=
xx

xx
M  

            

0x,x          

8x24x        

3x2x-         

Subject

21

21

21

≥
≤+
≤+

 

40, , 
8

4
d ,  

x

x
  x,

2

2
c have We

2

1
1 =γ=α








=








=








=  

( ) ( ) ( ) 0
4
0

g and 20, 
4
0

 84 -22dCp TT
1 ==

γ
α==







=








γ
α−=  

( ) ( ) ( )
4
3b

h and 71 84
4
3

 12d
b

AG 1
1

T1
11 =

γ
==







+−=








γ
+=  
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( ) ( ) ( ) 2
4
8b

h and 1812 84
4
8

 24d
b

AG 2
2

T2
21 ==

γ
==







+=








γ
+=   

Then  
Max F(y)=2q#+2q$  
Subject to  

              q#+7q$ ≤   
w
u 

                12y1+18q$    ≤   2 
                  q#, q$    ≥   0 
 

Now we will solve the above LP by simplex method. 
Converting the LP in standard form we have ,  
 

Max  F(y)=2q#+2q$  
Subject to  

              q#+7q$ +V#  = 
w
u 

                12y1+18q$ +V$=  2 
                  q#, q$ , V#, V$   ≥   0 
Where   q# and  q$ are decision variables , and V# WY� V$  are slack variables 
 
Table 1: 

 2 2 0 0  
 
 

h 

 
 
 
Ratio 

y1 y2 s1 s2 

0 s1 1 7 1 0 �� 
�

)� 
 

0 s2 12 18 0 1 2 )�� 

cj-zj 
 

 2 2 0 0   

 
Table 2: 

 2 2 0 0  
 
 

h 

 
 
 
Ratio 

y1 y2 s1 s2 

2 y2 �� 1 �� 
0 �)� 

)�
)� 
 

0 s2 ���  0 −���  1 ��� 
��) 

cj-zj 
 
 

 �)
�  0 −)�  0   
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Optimal table : 

 8 12 0 0  
 
 

h 
y1 y2 s1 s2 

2 y2 � 1 )��� 
−��  

��� 

2 y1 � 0 −��� 
��� 

���) 

cj-zj 
 
 

 � 0 − -  

Then the table of results as below: 
 

y1=
�

��) y2=
�

�� 

  � =  qγ(1 −  y cd) (�#, �$) = 
(q1,q2)γ(1−cd((q1,q2) )  

















=

















−

















=








2

7
4

1

66
7

132
1

8)  4(1(

x

66
7

32
1

x

x

4

2

1
 

Then  
x1=.25   
x2= 3.5 
 

After solving the  LP  
Max  |$=  (2�# + 3�2 + 1) 
Subject to   
                 �# +3�$  ≤5 
                 2�# +�$ ≤2  
                   �#  , �$ ≤ 0 
We will find  �#=.25  and �$=3.5 
In this case the optimal solution of |# anad |$ are same point i.e �#=�$ 
Then  max z=3.75 

 
The table blow illustrated the comparison result between the three method Wolfe’s, modified 
simplex, proposed method, we obtained the same result: 

Table 1: Comparison of the numerical results 

Example Wolfe’s, modified Modified Simplex 
Method 

Proposed Method 

EX.1 +� = �. ), +) = �. � 
Max z=3.2 

+� = �. ), +) = �. � 
Max z=3.2 

+� = �. ), +�) = �. � 
Max z=3.2 

EX.2 +� = �. )�, +) = �. � 
Max z=3.75 

+� = �. )�, +) = �. � 
Max z=3.75 

+� = �. )�, +) = �. � 
Max z=3.75 
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5. Conclusion 

     This paper presents a new approach to solve Fractional Programming Problems (FPPs) based split 
objective function into two linear programming and solved separated  two linear programming by finding 
maximum value of QFPP . A better accuracy was remarkably observed in the solution results.  
     The  comparisons of these methods are based on the value of objective function , the study the max z 
resulted of other methods are same as illustrated  in table 1. 
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